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Abstract

This review study entitled ‘‘Some properties of geodesic semi E-b-vex functions’ was conducted in Helmand Province,
Afghanistan in 2020. The main aim of this paper is to present a new class of functions called geodesic semi E-b-vex functions
and generalized geodesic semi E-b-vex functions and discusses some of their properties. The study was sought to define
geodesic quasi-semi E-b-vex (GQSEB) functions and geodesic pseudo-semi E-b-vex (GPSEB) functions as generalizations of
geodesic semi E-quasi convex functions and geodesic semi E-pseudo convex functions. A set 5 < R is called E-b-vex if there
is such that tb E(xy) + (1 —th)E(x,) € B.¥x,,x, € B,t € [0.1] js definition given for Geodesic semi E-b-vex function and definition for

Generalized geodesic semi E-b-vex functions: The mapping »®” =R is quasi semi E-b-vex on an E-b-vex set B S R" i
h(tbE(x,) + (1 —th)E(x,) < max{h(x,) h(x;)}, Vx,,x, € B,t € [0.1] The paper is mostly based on secondary data and the
definitions and properties that are used, can be found in many books on differential geometry.
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Introduction

Convex functions play an important role in optimization theory, convex analysis and fractal mathematics [* 3 8 9.10.12,15,16] |p
(211 'Youness presented E-convexity of sets and functions. However, some results given by Youness 2! seem to be incorrect by
Young %, Chen @ extended E-convexity to semi E-convexity and discussed some of their properties. We refer to [*1 for more
results on E-convex functions or semi E-convex. A manifold is not a linear space and extensions of concepts and techniques
from linear spaces to Riemannian manifolds are natural. There are many authors who studied generalized convex functions in
Riemannian manifolds see 181, In 2012, Igbal et al. [l introduced and studied a new class of convex sets and functions which
are called geodesic E-convex sets and geodesic E-convex functions on Riemannian manifolds. Recently, Igbal et al. [©
introduced a new class of functions, namely geodesic semi E-convex functions. The main aim of this paper is to introduce a
new class of functions, which are called geodesic semi E-b-vex (GSEB) functions, and to discuss some of their properties. We
also define geodesic quasi-semi E-b-vex (GQSEB) functions and geodesic pseudo-semi E-b-vex (GPSEB) functions as
generalizations of geodesic semi E-quasi convex functions and geodesic semi E-pseudo convex functions.

Preliminaries
In this section, we recall some definitions and properties, which will be used throughout the paper, These can be found in
many books on differential geometry, such as 11,

LetNbeaC  n-dimensional Riemannian manifold, and 7=V be the tangent space to N at z. Also, assume that #:(x1x2) is a
positive inner product on the tangent space T=N (¥, %z € T_N), which is given for each point of N. then, a €C“map #:Z — H=

which assigns appositive inner product #= to T-N for each point z of N, is called a Riemannian metric.
The length of a piecewise € curve 7: [@1:a2] = N which is defined as follows:
1 = [ ol

We define that d(z,, z,) = inf{L(n):n is a piecewise C* curve joining z, to z, }

for any points Z1.2z € N.Vx.Y. X, Y € N 5 3 unique determined Riemannian connection, which is called Levi-Civita connection
on every Riemannian manifolds.

Furthermore, a smooth path 1 is a geodesic if and only if its tangent vector is a parallel vector field along the path 0, i.e, 1
satisfies the equation. v(£)i() =0,
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Every path 1 is joining Z1-Z2 € N where L(7) = d(21,2.) is a minimal geodesic.

Finally, assume that (N.1) isa complete n-dimensional Riemannian manifold with Riemannian connection” .

Let X1, %2 € N and 7:[0,1] = N be a geodesic joining the points *1 and™*z2, which means that 7x1x2(0) = x; andnx %2 (1) = x,

Geodesic semi E-b-vex function
Firstly, let us give the following definitions

Definition3.1(1%). A set BER" is called E-b-vex if there is such that th
E(x;)+(1—th)E(x,) € B,¥x,,x, EB,t €
[01]

Definition3.2 ([13]). A function #: R = R js called E-b-vex on a set B < R" if there is a map £: R" = R" gych that B is a E-b-
vex set and

h(thE(x,) + (1 —th)E(x,) < thh(E(x,)) + (1 — th)h(E(x,) ). ¥x,,x, € B,t €[0,1]

We now replace the space R" by a Reimannian manifold N and introduce the concepts of geodesic E-b-vex sets and geodesic
E-b-vex functions on a Riemannian manifold as follows:

Definition3.3. Assume h:5 = R, b:Bx B X [0,1] = R, are maps. A set B <V is called geodesic E-b-vex set if there is a unique
geodesic YE (x1),E (x3)(b) of lengthd (x1-x2), which belongs to B, for all *1:%2 € B andt € [0.1],

Definition3.4. A function #: 8 = R is called geodesic E-b-vex function on a set BeN if there is a map £:N = N, such that B is
geodesic E-b-vex set and

h(yE(x,),E(x,)(th)) < tbh(Ex,;))+ (1 — tb)h(E(x,)).¥x,,x, € B,t € [0,1]

Lemma3.5. Let £:N = N sych that E(B) is geodesic E-b-vex and E(B) geodesic E-b-vex on a set BcN if h is geodesic E-b-vex
gr;oi(sl?t)i.on&& Assume that B < N js geodesic E-b-vex, thenE(8) € B,
Proof. Since B is geodesic E-b-vex, then

VE(x,),E(x,)(tb) € B,Vx,,x, € B,t € [0,1]

For t=0, we getrE(x1).E(x,)(0) = E(x;) € B thenE(B)< B g

Proposition3.7. Assume that E(B) is geodesic E-b-vex and £(8) < B_ Then B is geodesic E-b-vex.
Proof. Let*1:¥2 € B thenE(x).E(x;) €E(B),  yE(x,),E(x;)(th) EE(B) Because E(B) is geodesic E-b-vex. Then
vE (x1).E (x2) (tb) € B which implies that B is geodesic E-b-vex. o

Definition3.8. A function #: B ~ R js a geodesic semi E-b-vex on a set B if there is a map £:¥ = N sych that B is a geodesic E-
b-vex set and

h(yE(x,),E(x,)(th) < tbh(x,)+ (1 —th)h(x,),¥x,,x, € B,t € [0,1]
If the above inequality is strict for all *1:¥2 € B,xy # x; and ¥t € (0,1) then h s strictly geodesic semi E-b-vex.

Proposition3.9. Assume that a function 7: = R is a geodesic E—b-vex on a geodesic E-b-vex set B. Then h is geodesic semi E-
b-vex on B if. P(E(x1) < h(x),¥x, € B,

Proof. Let h be a geodesic semi E-b-vex on a geodesic E-b-vex set BEN, thenvE (x1).E(x,)(tb) € B, ¥x,,x, € B we have

h(yE(x,),E(x,)(th) < tbh(x,) + (1 —tb)h(x,),Vx,,x, €B,t € [0,1]

If th=1, then(E(x1)) < h(x)),
Conversely, leth(E(x1)) < h(x,).¥x, € B then for any X1-%2 € B and ¥t € [0,1] \ve have

h(yE(x,),E (x,)(th) < thh(E(x,) )+ (1 — tb)h(E(x,)) < tbh(x,) + (1 — th)x(x,)
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Remark3.10. A geodesic E-b-vex function on geodesic E-b-vex set is not necessarily a geodesic semi E-b-vex function.

Example3.11. Let &: R = R gych that 2(x) = —|x| andE (x) = ax,a € (0,1],¥x € R e consider the geodesic ¥ such that
If %2 = 0 then

Z[E() + th(E(xy) — E(x)] 50,3, 2 0, (2t thxy —x3) 51112 2 0,

VE (x,),E () (th) = ) imme,

= R

—[EG) + b (E(x) — E(x))] 1217, <0

If X1.%2 = 0 then

h(yﬁ'(xlj,ﬁ'(x:)(tb)) = Jt[x: + th(x, —x:)) =—|(1—th)x, +thx,| = —[(1 —tb)x, + thx,]

On the other hand

tbh(E(x,)) + (1 — th)h(E(x,)) = thh(ax,) + (1 — th)h(ax,) = —a[(1 — th)x, + thx,]

Hence, BOVE (1), E (x,) (tb) < tbh(E(x,))+ (1 — th)R(E(x,)), vt € [0,1],a € (0,1]

Similarly, this inequality can be held good when*1-¥2 < 0.
Now if ¥1 = 0 and*z = 0, then

h[yﬁ'[xlj,ﬁ'(x:][tb]) = h[:x: + th(x, —xlj) =—|(1 4+ tb)x, —thx,| = —[(1 + tb)x, — thx,]
On other hand

tbh(E(x,)) + (L —th)h(E(x,)) = thh(ax,) + (1 — th)h(ax,) = —a[(1 — th)x, — thx,]
It follows that
h(yE(x,).E(x,)(th)) < thf(E(x,)) + (1 — th) f(E(x,))
if
—[(1+tb)x, — thx,] = —a[(1— th)x, — thx,]
If
x(-1—th+a(l—th))+x,th(1—a) <0

Which is always true ¥t € [0.1],a(0,1]
Similarly, this inequality can be also held good for*: = 0,x; <0,

1
Thus h is geodesic E-b-vex function on R and since P(E(D) = h(a) = —a > f(1) = —1 45, =3

then from

Proposition3.9, h is not geodesic semi E-b-vex.
Remark3.12. from Proposition 3.9, it follows that geodesic E-b-vex function h on a geodesic E-b-vex set & < N with the
property P(E (1)) < h(x,),¥x, € B 5 geqdesic semi E-b-vex but the converse need not be true. In the example 3.11, if

E(x,) = ax, @ > 1,¥x, ER then the function h(x) is geodesic semi E-b-vex on geodesic E-b-vex set R while if *1 = Lx,=1
and =i then  ROEGDEG) @) = h(D = =1 \while tbh[ﬁ'(:{l]) +(1-— tb)h[ﬁ'(xq)) =h(a) =—a,a = 1

Hence, the function h is not geodesic E-b-vex on the geodesic E-b-vex set R

Theorem3.13. Let 11: B = Rpg g geodesic semi E-b-vex on geodesic E-b-vex-set AcN. If hz:1 = R s a non-decreasing E-b-
vex function such that range (?1) <, then the composite function 12%2 is a geodesic semi E-b-vex on B.

Proof. Since hy is a geodesic semi E-b-vex on geodesic E-b-vex set B, then
hy(vE(x,),E(x,)(th) < tbh,(x,) + (1 — tb)h,x,,¥x,,x, € B, t € [0,1].
Now

h,oh, [}’E[xijrg[x:] [tb]) < hy[thhy(x,) + (1 —tb)hy (x,)]
=tbh,(h,(x,)) + (1 —tb)h,y(h,(x,)) = thhyoh (x,) + (1 — th)h,0h, (x,).
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From the above it follows that 720" is geodesic semi E-b-vex on B. o

In addition, h20h4 is strictly geodesic semi E-b-vex function by considering h:to a strictly non- decreasing E-b-vex function.

Theorem3.14. Let B< N be a geodesic E-b-vex set andh:8—~® i =12,...Z he geodesic semi E-b-vex function. Then
Xz pchy Y, € Rop, = 0,i = 1.2, .., 2 s 3 geodesic semi E-b-vex on B.

Proof. Since each h; is geodesic semi E-b-vex function on B, then
h; (}’E(xi):g(x:j (tb)) < tbh, (E(xl)) + (1 — tb)h, (E(x:))'
It follows that
ik [}—'E[xlj,ﬁ'(xgj (tbj) < tbu;h, [E[:xlj) + (1 — th)u;h;(E(xy))

Or

Hih (YE(x,), E(x,)(tb)) < tb ) pih, [E(Il)) +(1—tb) ) uh, [:E (x:)).
2 2 2

Hence the result. o
Proposition3.15. Assume that {hi}ies is a family of real valued function defined on a geodesic E-b-vex set B&N such that
subierhi(%1) exists in ™ for all X1 € B, Assume that B = R is a real function defined by SuPierhi(x1).¥x, €B |t

hi:B = R,i €1 gp0 geodesic semi E-b-vex function on B, then h is a geodesic semi E-b-vex function on B.
Proof. Since i B = R, Vi € I j5 3 geodesic semi E-b-vex function on geodesic E-b-vex set B, then

h, [:rE(xl),E[x:] [tb]) < tbh;(x,)+ (1 — tb)h,(x,).
Then

R (YE(xy), E(x,)(£h)) =58 [tbh,(x,) + (1 — th)h,(x,)] = th"Ph,(x,) + (1 — tb) 2 h,(x,).

[ 1= el 1= el "t

This implies
h(yE(x,),E(x,)(tb)) < tbh(x,) + (1 — th)h(x,).

Hence h is a geodesic semi E-b-vex function on B o
Proposition 3.16. Assume that 7: B = R js a geodesic semi E-b-vex function on a geodesic E-b-vex set? =N then for any

real number @ the level set Mo = {x1:x,€B,h(x,) < a} s a geodesic E-b-vex set.
Proof. For any *1-%2 € Mg and tb € [0.1] thenh(x.) < a,h(x;) < a_ Since h is a geodesic semi E-b-vex function, then

h[yﬁ'(xl),ﬁ'(xj) (tbj) = thh(x,)+ (1 —th)h(x,) =tha+(1—thla=a
Hence, Ma is a geodesic E-b-vex set.

4. Generalized geodesic semi E-b-vex functions
The concept of quasi E-b-vex function on R" was introduced by Mishra et al. '] such as
Definition 4.1. The mapping " B" = R js quasi semi E-b-vex on an E-b-vex set 8 S R" jf

h(tbE(x,)+ (1 —tb)E(x,) < max{h(x,) h(x,)}, Vx,,x, € B,t € [0,1]

We generalized the above concept and define geodesic quasi E-b-vex functions on Riemannian manifold and study some of
their properties.

Definition 4.2. Assume that 8 € ¥ is a nonempty geodesic E-b-vex set. A function #: 8 = R js called
1. Geodesic quasi semi E-b-vex if

h(yE(x,),E(x,)(th)) < max{h(x,),h(x,)},Vx,,x, EB,t € [0.1]
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2. Strictly geodesic semi quasi E-b-vex if
h[yﬁ' (x,),E(x,) (tb]) < max{h(x,),h(x,)}

vx,,x; € B with (1) # E(*3)and t € (0.1),
Proposition 4.3. Assume that {h:}ier is a family of real valued functions defined on a geodesic E-b-vex set B < ¥ such that
subth; (x1) exists in B for all *155 . Assume that 2 B = R js 4 real function defined by supye,hy(x,),¥x, €B ¢

h:B—R,i€l are geodesic quasi semi E-b-vex functions on B, then h is a geodesic quasi semi E-b-vex function on B.

Proof. Since h:: B = R, Vi €1 j5 3 geodesic quasi semi E-b-vex function on a geodesic E-b-vex set B, then

h(yE(x)).E(x,) (D)) = TR (VE(xy, E (x,) (1)) < Tmax(h, (x,). h;(x,)}

= max{" 2 h,(x,), 5 h,(x,)} = max{h(x,),h(x,)}.

Hence h is a geodesic quasi semi E-b-vex function on B.
Proposition 4.4. Assume that 5 < NV s a geodesic E-b-vex set. Then the function 7: B = R js geodesic quasi semi E-b-vexif

and only if for any real number ? the level set Mo = {x1: x,€B,h(x,) = a} j5 geodesic E-b-vex set.
Proof. Let h be a geodesic semi E-b-vex function on B. Thus, A(VE (x1), E (x2)(tk)) = max{h(x,),h(x,)} < a _ that implies to

VE(x,).E(x) (D) € M, thus, the set Ma is a geodesic E-b-vex.

Conversely, let BSN pe a geodesic E-b-vex set and Ma is a geodesic E-b-vex for each @ ER  Assume that
a =maxfh(x,),h(x;)} for each *1*2€B, then *1%2€M. Since Ma is a geodesic E-b-vex set, then
h(yE (xy), E(x) (b)) < @ = max{h(x,).h(x2)} Hence h is a geodesic quasi semi E-b-vex function on B.

Proposition 4.5. Assume that 9N - Ri=12..k gre geodesic quasi semi E-b-vex functions on N. Then the set
B ={x, EN:g;(x,) = 0,i=12,...k} s a geodesic E-b-vex set.

Proof. The proof follows from the proposition 4.4. o

Proposition 4.6. Assume that 7:8 = R s a geodesic semi E-b-vex function on a geodesic E-b-vex set 5 < N then h is also a
geodesic quasi E-b-vex function on B.

Proof. Since : B = R js a geodesic semi E-b-vex function on a geodesic E-b-vex set 8 < N, then

h(yﬁ' (2,0, E(x5) (tb)) < thbh(x,)+ (1 —tb)h(x,)
= th max{h(x,), h(x;)}+ (1 — tb) max{h(x,),h(x,)} = max{h(x,), h(x, )}

Hence h is a geodesic quasi semi E-b-vex function on B.
In the following example, we can see that a geodesic quasi semi E-b-vex may not be geodesic semi E-b-vex.

Example 4.7. Assume that 1 B = [0,2] = R gych that

_[0;0=x1, f1;0<x, =1,
h(xlj_{l:l*‘:xliz E[xij_{z;lclegz

and bz, v, t) = 1.
We consider the geodesic ¥ such that
¥E(x,),E(x,)(th) = thE(x,) + (1 — tb)E(x,),Vx,, x, € [0,1]

It is clear that h is a geodesic quasi semi E-b-vex function but it is not a geodesic semi E-b-vex function on B set because, for
1

=00 =202 e get

h(YE (x),E(x,)(th) = h (5) = 1> thh(x,) + (1 — th)h(x,) = =
Proposition 4.8. Assume that 11:5 = R js a geodesic quasi semi E-b-vex function on a geodesic E-b-vex set 2 <~ and
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hy:R—R is non-decreasing function, then hyoh, is a geodesic quasi semi E-b-vex function on B.

Proof. Since h1:B = Rjs 5 geodesic quasi semi E-b-vex function on a geodesic E-b-vex set & < ¥ and hy: R = R s 3 non-
decreasing function, then

(haoh ) (YE(xy),E(x) (tb)) = hy(hy (YE(x,),E (x,) (tD))) < hy(max{hy (x), hy(x,)})
= max{h,oh,(x,),h,0x,(x;)}

Hence h29%4 js a geodesic quasi semi E-b-vex function on B.
5. Epigraph and nonlinear programming
In this section, a characterization of geodesic E-b-vex function in terms of its epigraphs is discussed.

Definition 5.1. Assume that 3 S N X R gng E: N = N then the set B is called a geodesic E-b-vex set if

(vE(x,),E(x,)(th),tha, + (1 — tb)a,) € B,V(xy,a,),(x,,a,) € B,t € [0,1]

Proposition 5.2. Assume that {B: € N X R}.e; s a family of geodesic e-b-vex sets. Then intersection I

vex.
Proof. Let (x1.a,).(x2.a;) €Ny B; Then for each i €1, (xy.a1). (x5.0,) € B; we have

i€l is geodesic E-b-

(YE(x,),E(x,)(th),tha, + (1 —tb)a,) € B, ¥t € [0,1]

Thus,

(VE(x,),E(x,)(th),tha, + (1 — th)a,) en,, B, Vt € [0,1]

Hence Mier Bi is a geodesic E-b-vex set.
Now, the epigraph €PE(R) of h is given by

epi(h) = {(x,,a,):x, EBE N,a, ER,h(h)) <a,}

A sufficient condition for h to be a geodesic semi E-b-vex function is given in the following theorem:

Theorem 5.3. Assume that : 5 = R s a real valued function on a geodesic E-b-vex set B < N_ If epi(h) is a geodesic E-b-vex
set, then h is a geodesic E-b-vex function on B.

Proof. Let ¥1-%2€B and (X1, 7lxy), (x2),h(x;)) € epi(h) pye to epi(h) js geodesic E-b-vex set, then
(YE (x1), E(x,) (th), thh(x,) + (1 — th)h(x,) )eepi(h),

S
(.)FL[}*E[xlj,E(xg)(tbj < tbh(x,)+ (1 —tb)h(x,).

Hence h is a geodesic E-b-vex function on B. o
Proposition 5.4. Assume that {a:3:e: is a family of real valued function which are bounded from above on a geodesic E-b-vex

B S N and let their epigraphs €ri(h:) be geodesic E-b-vex set in B X & Then, the function (x1) = sup.;h:(x,) is a geodesic
semi E-b-vex on B.
Proof. Since ePi(h) = {(xy.a,): x, € B,a, € R, h(x,) = a,} gre geodesic E-b-vex sets in 5 X R Therefore, their intersection

Niey epi(h) = {(xp.ay): x; €B,a; € Rhi(xy) < ay,i €I} ={(xp.a)):x, € B,a; ERA(x;) < ay}
Is also geodesic E-b-vex set in B X R, Hence, by Theorem 5.3, h is geodesic semi E-b-vex function on B. o

Definition 5.5. Assume that BENXRE:N > N.I:R— R gnd b:BX B X[0,1] = R, then a set B is called a geodesic
E X I — b — vex set jf (yE(x,),E(x,)(th),tha, + (1 — tb)a,)eB,V(x,,a,),(x,.a,) € B,t € [0,1]

It is easy to show that & < N is a geodesic E-b-vex set if B X R js a geodesic £ X I — b — vex ggt,
The following theorem gives a characterization of a geodesic E-b-vex function in terms of its €2i(1),
Theorem 5.6. Assume that & < N is a geodesic E-b-vex set, then h is a geodesic semi e-b-vex function on B if

epi(h) js a geodesic £ X I —v —vex on EX K,
Proof. Let be a geodesic semi E-b-vex function on B and let (x1,a1), (x2,a;)eepi(h), te[0,1], then
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h(yE(x,),E(x,)(th) < tbh(x,)+ (1 —th)h(x,) < tha, + (1 — th)a,

Thus,
(YE(x,),E(x,)(th), tha, + (1 — th)a,)eepi(h)

Which implies that €2i(1) is geodesic E I —b —vexon 8 X R,

Now, let ePi(h) e geodesic E X I —b—vex on BXR and let X1,%2¢B,t € [0,1] then (¥ h(x1)). (x2.h(x,)) € epi(h) Dye to
epi(h) being geodesic ExI—b—vexgnBx R

then

(YE(x,),E(x,)(th),tha, + (1 — tb)a,)eepi(h)
That is
h[yﬁ'[:{l],ﬁ'(x:j (tb]) < thbh(x )+ (1 —tb)h(x;)

Which implies that h is a geodesic semi E-b-vex function on B. o
Definition 5.7. Let B be nonempty geodesic E-b-vex set. A function : B = R js called a geodesic semi E-b-vex on B, if there
exist a strictly positive function z: 8 X B = R gch that

h(x,) < h(x,) = h(yE (x,),E(x,) () < h(x,) + th(t — 1)z(x,,x,),¥x,x, € B,t € (0,1).

Proposition 5.8. Assume that h:B = R is a geodesic semi E-b-vex function on a geodesic E-b-vex setb & N, then h is a
geodesic pseudo semi E-b-vex on B.
Proof. Let h(x1) < h(x) and since h is a geodesic semi E-b-vex function on B, then ¥*..x; € B,t € (0.1)

h(yE (x1), E(x) (b)) < thh(x,) + (1 — th)h(x,) < h(xy) + th(t — 1) (h(x2) — h(x,))
=h(x,)+th(t — 1)z(x,,x,)

where 2(x1,%,) = h(x,) = h(x1) > 0 then h is geodesic pseudo semi E-b-vex. o
Proposition 5.9. Assume that : 8 = R js a geodesic pseudo semi E-b-vex function on a geodesic E-b-vex set8 =N thenhisa
geodesic quasi semi E-b-vex on B.

Proof. Let #{(x1) < h(x2) and since h is a geodesic pseudo semi E-b-vex function on B, then"¥1,Xz € B, t € (0,1) then
h(rﬁ'(xij,ﬁ'(x:)(tbj) < h(x,)+ th(t — 1)z(xy,%,) < h(x,) = max{h(x,), h(x,)}
Hence h is a geodesic quasi semi E-b-vex on B.

Consider the following problem: (P)Minh(x,) sych that *1 € B = {x; € N: h;(x,) 0,i = 1,2,..,k} are real valued function on a
geodesic E-b-vex set B.

We also need to the following problem (Pe)Min(h(£(x,))) sych that: € B.

Theorem 5.10. Assume that 2 <N js a geodesic E-b-vex set and (E(x))) = h(x) for each*:1€B. If *1 js a solution of the
problem(Pz), then E(*1) is a solution of the problem(?).

Proof. Let E(Z) be not a solution of problem (P), then there exists *2 €5 such that h(x.)<h(E(%.)),
then”(E (x2)) < h(xz) < h(E(%,)) \which contradicts the optimality of 1 of problem (Pe).

Theorem 5.11. Assume that 78 = R js a geodesic semi E-b-vex on a geodesic E-b-vex set B < N and *1 is a solution of the
problem (Pg), then £(%1) is a solution of problem (P).

Proof. The proof follows from the above theorem.

Theorem 5.12. Let B =N be a geodesic E-b-vex set, ': N = & he a geodesic E-b-vex function on B and H(E(x1)) < h(x,),vx, € B
if ©° = E(z°) € E(B) js a local minimum of the problem (P), then x° is global minimum of problem (P) on B.

Proof. Let *° = E(z°) EE(B) pe a nonglobal minimum of the problem (P) on B, then there is *z2 €F guch that
h(x;) < h(x®) = R(E(z®)), since function : N = R js geodesic E-b-vex and #(E(x)) < h(x).¥x, € B then

h(yE(z"),E(x,)(th)) < tbh(E(z°)) + (1 — th)h(E(x,)) < thh(x®) 4 (1 — tb)h(x,)
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< thh(x®) 4 (1 — th)h(x") = h(x?)

for any small t € (2.1), which contradicts the local optimality of x° for problem (P). Hence x® is a global minimum of problem
(P) on B.

Theorem 5.13. Assume that =¥ = R js a strictly geodesic semi E-b-vex on a geodesic E-b-vex set 2 <N, them the global
optimal solution of problem (P) is unique.

Proof. Let ¥1 ¥ ¥z be two different global optimum solution of problem (P), then 2(x1) =(x2). Since h is strictly geodesic
semi E-b-vex on B, then

h(yﬁ' (x,),E(x,) (tbj) < thh(x, )+ (1 — th)h(x,) = hix,). ¥t € (0,)

Which contradicts the optimality of 1 of problem (P). Hence the global optimal solution of problem (P) is unique. o
Theorem 5.14. Assume that ::N = R js a geodesic quasi semi E-b-vex on a geodesic E-b-vex set B S N and & = Min esh(x1),
Then the set ¢ = {x1 € B: h(x,) = a} of optimal solutions of problem (P) is geodesic E-n-vex. If h is strictly geodesic quasi semi
E-b-vex on B,then the set G is a singleton.

Proof. Let ¥1.%2 € G,t € [0,1] then ¥1.%2 € B gnd h(x,) = a = h(x7), Since h: B = R js geodesic quasi semi E-b-vex on B, then
h(yE (x,), E (x,) (th) < max{h(x,),h(x;)} = a which implies that ¥E (¥1).E (x2) (th)€G js geodesic E-b-vex.

Now, assume on the contrary that *1 = *2 € G ang t € (0,1), then ¥E(x1).E(x;)(th) € B_ since h is strictly geodesic
quasi semi E-b-vex on B, then

h(yE(x,),E(x,)(tb)) < max{h(x,),h(x,)} = a.
This contradicts that & = ™", .5 "(*1) and hence the result.

Theorem 5.15. Assume that 7: ¥ = R js a geodesic semi E-b-vex on a geodesic E-b-vex set < N, then the set of optimal
solution of problem (P) is a geodesic E-b-vex.

Proof. Let xt be optimal solution of problem (P) and let @ = h(x"), Assume that G is the set of optimal solutions for problem

(P) as follows G = {x1€B:h(x;) < a} forany *1 %2 € Ggnd t € [0.1] since *N = Rjsq geodesic semi E-b-vex function,
then

h(yE(x,),E(x,)(th)) < tbh(x,) + (1 — th)h(x,) < a.

Thus, YE (x,.),E (x2)(tb) € G and it follows that G is geodesic E-b-vex set.

Theorem 5.16. Assume that 7N = R gng 92N = R,i = 1.2,...k are quasi semi E-b-vex on N, then the set of optimal
solution of problem (P) is a geodesic E-b-vex.

Proof. From proposition 4.5, it follows that B is geodesic E-b-vex set. Hence, by Theorem 5.14, the set
G = {x, € B:h(x,) = a} of optimal solutions of problem (P) is geodesic E-b-vex.
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