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Abstract 

The ternary quadratic equation given by     222
2742116 ZYXXYYX  is considered and searched for its many 

different integer solutions. Four different choices of integer solutions to the above equation are presented. A few interesting 

relations between the solutions and special polygonal numbers are presented. 
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1. Introduction 

The Diophantine equations offer an unlimited field for research due to their variety [1-3]. In particular, one may refer [4-16] for 

quadratic equations with three unknowns. This communication concerns with yet another interesting equation 

    222
2742116 ZYXXYYX   representing non-homogeneous quadratic equation with three unknowns for 

determining its infinitely many non-zero integral points. Also, few interesting relations among the solutions are presented. 

 

2. Method of Analysis 

The ternary quadratic diophantine equation to be solved for its non-zero distinct integral solution is 

 

    222
2742116 ZYXXYYX   (1) 

 

Introducing the linear transformations  0 vu  

 

vuYvuX  ,  (2) 

 

In (1), it leads to 

 

  222

27232 Zvu   (3) 

 

Different patterns of solutions of (1) are presented below: 

 

2.1 Pattern-1 

Write 27 as 

 

  23223227 ii   (4) 

 

Assume 

 
22

23 baZ   (5) 

 

Where a, b are non-zero distinct integers. 

Using (4) and (5) in (3), we get 
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     2222

23232232232 baiivu    

 

Employing the method of factorization, we have 

 

        
22

2323232232232232 biabiaiiviuviu   (6) 

 

 Equating the positive and negative factors, we get 

 

   
2

23232232 biaiviu   (6a) 

 

  
2

23232232 biaiviu   (6b) 

 

Equating real and imaginary parts either in (6a) or (6b) we get 

 

  246462,
22

 abbabauu  

  abbabavv 423,
22
  

 

Substituting the values of u and v in (2) we get 

 

  242693,
22

 abbabaXX  (7) 

 

  25023,
22

 abbabaYY  (8) 

 

Thus (7), (8) and (5) represents non-zero distinct integral solutions of (1) in two parameters. 

 

Properties 

1.    3mod0113211,Pr3 
aa

GNOaX  

2.     aaXaaY ,,6  is a nasty number  

3.      11mod094Pr21,1, 
a

aXaZ  

4.     215,,6
,4


a
taaYaaZ  is a nasty number 

5.   0231,
,4


a

taZ  

6.      3mod046Pr21,1, 
a

aYaX  

 

2.2 Pattern-2 

Observe that (3) is written as 
 

  2222

423232 ZZvu   

   2222

2342 vZZu   (9) 

 

Write (9) in the form of ratio as,  

 

 
0,

22

2322
















Zu

vZ

vZ

Zu
 (10)  

 

Which is equivalent to the system of double equations 
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  08  Zvu   (11) 

 

  011811  Zvu   (12) 

 

Applying the method of cross multiplication, we have  

 

  246462,
22

 uu  

   423,
22
 vv  

  22
23,   ZZ  

 

Substituting the values of u and v in (2), we get 

 

 

 

 
















22

22

22

23,

242693,

25023,







ZZ

YY

XX

 (13)   

 

Thus (13) represents the non-zero distinct integer solutions to (1). 

 

Note 

Instead of (10), one may write (9) as 

 

 
0,

2223

22
















Zu

vZ

vZ

Zu
 

 

Then the corresponding non-zero distinct integer solution to (1) are given by, 

 

  25023,
22

 XX  

  242369,
22

 YY     

  22
23,   ZZ  

 

Properties 

1.    2mod0278Pr182, 


 GNOSY  

2.      2mod02Pr21,1, 


 ZX  

3.    23mod0231,
,46




 tZ  

4.    2mod022Pr181, 


 SZ  

 

2.3 Pattern-3 

Introduction of the linear transformations 

 

 27,23  vZ
 (14) 

 

In (3), leads to  

 

  222

248442  u
 (15) 
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Which is equivalent to the following systems of equations 

      

Table 1: System of double equations 
 

System 1 2 3 4 5 6 

22  u  
2

  
2

2   
2

54   
2

27   92  9  

22  u  2484 1242 46 92 27  276  

     

Solving each of the above system of equations and using (2) and (14), the corresponding solutions to (1) are obtained. For 

simplicity, we present below the solutions. 

 

Solutions for System-1 

623543
2

 kkX  

186554
2

 kkY  

62146
2

 kkZ  
 

Solutions for System-2 

284606
2

 kkX  

960522
2

 kkY  

334482
2

 kkZ  
 

Solutions for System-3 

54216162
2

 kkX  

5054
2
 kY  

4810054
2

 kkZ  
 

Solutions for System-4 

255481
2

 kkX  

715427
2

 kkY  

234627
2

 kkZ  
 

Solutions for System-5 

2357  kX  

297  kY  

kZ 211  
 

Solutions for System-6 

2141  kX  

2927  kY  

kZ 377  
 

2.4 Pattern-4 

One may write (3) as 

 

  127232
222

 Zvu  (16) 

 

Write 1 as 
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  
2

12

23112311
1

ii 
  (17) 

 

Assume  

 
22

23 baZ   (5) 

 

Where a, b are non-zero distinct integers. 

Using (4), (5) and (17) in (16), we get 

 

     
  

2

2222

12

23112311
23232232232

ii
baiivu


   

 

Employing the method of factorization, we have 

 

       
   

   
22

2323

12

2311

12

2311
232232232232

biabia

ii
iiviuviu






 (18) 

 

Equating the positive and negative factors, we get 

 

  
 

12

2311
23232232

2 i
biaiviu


  (18a) 

 

  
 

12

2311
23232232

2 i
biaiviu


  (18b) 

 

Equating real and imaginary parts either in (18a) or (18b) we get 

 

   2459823
12

1
,

22
 abbabauu  

   abbabavv 229913
12

1
,

22
  

 

Replacing a by 12A and b by 12B, we get 

 

  2717627612,
22

 ABBABAuu  

  ABBABAvv 243588156,
22


 
 

Substituting the values of u and v in (2) we get 

 

  272003312144,
22

 ABBABAXX  (19) 

  271523864168,
22

 ABBABAYY  (20) 

  22
3312144, BABAZZ   (21) 

 

Thus (19), (20) and (21) represents non-zero distinct integral solutions of (1) in two parameters. 
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Properties 

1.   33121,6 AZ is a nasty number  

2.    2mod03338241, 
A

SAX  

3.   01443312,1
,4


B

tBZ  

4.    2mod03390281, 
A

SAY  

 

3. Conclusion 

In this paper, we have presented infinitely many non-zero distinct integer solutions to the ternary quadratic equation 

    222
2742116 ZYXXYYX  representing a homogeneous cone. Diophantine equations are rich in variety. 

To conclude, one may search for other forms of three dimensional surfaces, namely, non-homogeneous cone, paraboloid, ellipsoid, 

hyperboloid, hyperbolic paraboloid and so on for finding integral points on them and corresponding properties 
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