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Abstract

The quadratic diophantine equation with three unknowns represented by 5x? — 2y? =18z2 is analyzed for finding its non-zero

distinct integral solutions. Different patterns of solutions of the equation under consideration are obtained.
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1. Introduction

The quadratic diophantine equation with three unknowns offers an unlimited field for research because of their variety %, In
particular, one may refer (9 for quadratic equations with three unknowns. This communication concerns with yet another
interesting equation 5x*—2y? =18z”representing homogeneous quadratic diophantine equation with three unknowns for

determining its infinitely many non-zero integral solutions.

2. Method of Analysis
The ternary quadratic equation under consideration is

5x* —2y* =187°
Introducing the linear transformations
X=X+2T,y=X+5T
in (1), it leads to
X? =10T? +62°
Again introducing the linear transformations
T=a+6f,z=a-104, X =4w
in (3), it is written as
W =a’+ 60ﬂ2

Pattern: 1
Equation (5) is satisfied by

a=60r>—s*, f=2rs , w=60r*+s’
Substituting (6) in (4) we get,

T =60r>—s®+12rs , X =240r” + 4s?
In view of (2), we have

X = 252 +360r? + 24rs
y =540r? —s? + 60rs
z=60r? —s?—20rs

Thus (7) represents non-zero distinct integer solutions of (1)
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Remark
Note that (2) can be represented as

X=X-=-2T,y=X-5T
Also in (4), the values of T and Z are taken as
T=a-6p,z=a+104

In this case, one obtains three more choices of integer solutions of (1), and for simplicity, these choices are exhibited below:

Choice 1
X = 4w+ 2(a —63) = 360r? + 25° — 24rs
y = 4w+5(a —68) = 240r? —s? —60rs
z=0a+108 =60r> —s* + 20rs

Choice 2
X =4w—2(a +6/3)=120r% + 65 — 24rs
y = 4w —5(cr + 68) = —60r? +9s? — 60rs
z=a-10p =60r> —2s* —20rs

Choice 3
X = 4w—2(ct —68) =120r? + 6> + 24rs
y = 4w—5(c —63) = —60r? +9s® + 60rs
Z=a+1083 =60r? —2s” +20rs

Pattern 2

One may write (5) in the form of ratio as
W+ o r
( ) __F =—,5%#0

608 (w-a) s
Which is equivalent to the system of double equations
Wws +sa—604r =0
—sw—-Sa+5=0
Applying the method of cross multiplication we have

w=s’+60rs , « =60rs —s* , f=2s?

The corresponding non-zero distinct integer solutions to (1) are given by

X = 26s° + 360rs
y =595 +540rs

z =60rs —21s®
Note: 1
Instead of (5), write (8) as
W+a)_ 158 L
4p (wW-a) s

Which is equivalent to the system of double equations
Ws+sa—604r =0
—-sw—-sa+ /=0

(8)
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Applying the method of cross multiplication we have
w=15s" +4r® , o = 4r>~15s* , = 2sr
The corresponding non-zero distinct integer solutions to (1) are given by
x = 308" +24r* + 24rs
y =—15s% +36r% +60rs
7 =-158" +4r* —20rs

Note: 2
Instead of (9), write (5) as

(w+a)_ 308 L (10)
28 (w-a) s
which is equivalent to the system of double equations
Ws+sa—20r =0
—SW—-sa+3045=0
Applying the method of cross multiplication we have
w=30s*+2r?, a=2r*-30s* , f=2rs
The corresponding non-zero distinct integer solution to (1) are given by
X =60s” +12r° + 24rs
y =—30s” +18r* +60rs
7 =-30s” +2r* —20rs
Pattern 3
Note that (9) is expressed in the system of double equations as follows:
Table 1
W+a 60,32 3042 1532 603 303 153
W—o 1 2 4 p 203 43

Solving each of the above systems, the corresponding solutions to (1) are given below:

Solution for System 1
Case (i) f=2r

X =360r°+24r+2,y="540r*+60r -1, z = 60r> —1—20rs

Case (i) f=2r+1
X =360r” +384r +104 , y =540r” + 600r +164 , z = 60r> + 40r + 4

Solution for system 2
X=180r>+24r+4 , y=270r*>+60r—2, z=30r?-2—-20rs

Solution for system 3
x=386r , y=599r, z=39r
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Solution for system 4
Case (i) f=2r
x=208r,y=328r, z=8r

Case (i) f=2r+1
x=208r+104 , y=328r+164 , z=8r+4

Solution for System 5

Xx=122r ,y=191r,z=-9r

Pattern 4
One may write (5) as

a’ +606° =w'*1 (11)
Assume W = a° +15b? (12)
Write 1 as

1:(1+|\/EX1—|\/E) 13)

16
Using (12) and (13) in (11) and employing the method of factorization, define

a+i2\/Eﬂ=(a+i\/Eb)2£1+iT\/E)

Equating real and imaginary parts, we get

a = 4a’-60b* —120ab , S = 2a*~30b° + 4ab (14)
Substituting (14) in (4), we get

T =4a® —60b* —120ab , X =64a° +960b”
In view of (2), the corresponding non-zero distinct integer solutions to (1) are given by

X =96a’ +480b? +192ab
y =144a° — 240b* — 480ab
7 =-16a” + 240b* —160ab

3. Conclusion

In this paper, we have made an attempt to obtain infinitely many non-zero distinct integer solutions to the equation given
by 5x% — 2y2 =182%. As ternary quadratic equations are rich in variety, one may search for the other choice of ternary quadratic
Diophantine equations and determine their integer solutions along with suitable properties.
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