
International Journal of Academic Research and Development 

 

43 

International Journal of Academic Research and Development 

ISSN: 2455-4197 

Impact Factor: RJIF 5.22 

www.academicsjournal.com 

Volume 3; Issue 3; May 2018; Page No. 43-50 

On the positive Pell equation y2 =14x2 + 18 

TR Usha Rani1, K Dhivya2 

 1 Professor, Department of Mathematics, Shrimati Indira Gandhi College, Trichy, Tamil Nadu, India. 
2 M. Phil Scholar, Department of Mathematics, Shrimati Indira Gandhi College, Trichy, Tamil Nadu, India

Abstract 

Non-homogeneous binary quadratic equation representing hyperbola given by y2 =14x2 + 18 is analyzed for its non-zero distinct 

integer solutions. A few interesting relations among its solutions are presented. Also, knowing an integral solution of the given 

hyperbola, integer solutions for other choices of hyperbola and parabola are presented. Also, employing the solutions of the given 

equation, special Pythagorean triangle is constructed. 
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1. Introduction 

Diophantine equation of the form 122  Dxy , where D is a given positive square-free integer is known as Pell equation and is 

one of the oldest Diophantine equation that has interested mathematicians all over all the world, since antiquity, J.L. Lagrange 

proved that all positive Pell equation 122  Dxy  has infinitely many distinct integer solutions. In [3] infinitely many Pythagorean 

triangles in each of which hypotenuse is four times the product of the generators added with unity are obtained by employing the 

non-integral solutions of binary quadratic equation 143 22  xy . In [4] a special Pythagorean triangle is obtained by employing 

the integral solutions of
110 22  xy

. In [5] different patterns of infinitely many Pythagorean triangles are obtained by 

employing the non-integral solutions of 
112 22  xy

. In this context one may refer [6-20]. In this communication, the positive Pell 

equation given by 
1814 22  xy

 is considered and infinitely many integer solutions are obtained. A few interesting relations 

among the solution are presented. Also knowing an integral solution of the given hyperbola, integer solutions for other choices of 

hyperbolas and parabolas are presented. Also employing the solutions of the given equation, special Pythagorean triangle is 

constructed.  

 

2. Method of analysis 

The positive Pell equation representing, hyperbola under consideration is 

 

1814 22  xy
           (1)  

whose smallest positive integer solution 
 00, yx

 of (1) is 
12,3 00  yx

To obtain the other solutions of (1), consider the 

Pellian equation 

 

114 22  xy
  

                (2)  

whose smallest positive integer solutions is  

 

4~
0 x

, 
15~

0 y
The general solution 

 nn yx ~,~
 is given by\ 

  

nnnn fygx
2

1~,
142

1~ 

          (3)  

where  

  
    ...1,0,1,1441514415

11




nf
nn

n   



International Journal of Academic Research and Development 

 

44 

  

 
    ...1,0,1,1441514415

11




ng
nn

n   
 

 Applying Brahmagupta lemma between the solutions 
 00 , yx

 and
 nn yx ~,~

, the other integer solutions of (1) are given by 

 

nnnnn gfxyyxx
142

12

2

3~~
001 

        (4) 

 

nnnnn gfxxyyy 14312~14~
001          (5)  

 

Thus (4) and (5) represent the integer solutions of the hyperbola (1). 

Recurrence relations for x  and 
y

are: 

 

030 123   nnn xxx , 
...1,0,1n

 

 

030 123   nnn yyy
, 

...1,0,1n
 

 

A few numerical values are given in the following Table: 1 below 

 
Table 1: Numerical Examples 

 

n  1nx
 1ny

 
-1 3 12 

0 93 348 

1 2787 10428 

2 83517 312492 

  

2.1 A few interesting relations among the solutions are given below 

1. 
0415 121   nnn yxx

  

2. 
0415 221   nnn yxx

  

3. 
0444915 321   nnn yxx

 

4. 
0120449 131   nnn yxx

  

5. 
08 231   nnn yxx

  

6. 
0120449 331   nnn yxx

  

7. 
01556 211   nnn yyx

  

8. 
04491680 311   nnn yyx

  

9. 
01544956 321   nnn yyx

  

10. 
0415449 132   nnn yxx

  

11. 
0415 232   nnn yxx

  

12. 
0415 332   nnn yxx

  

13. 
01556 212   nnn yyx

  

14. 
0112 312   nnn yyx

  

15. 
01556 322   nnn yyx

  

16. 
04491556 213   nnn yyx

  

17. 
04491680 313   nnn yyx
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18. 
01556 323   nnn yyx

  
 

2.2 Each of following expressions represents a cubic integer 

 

1. 

    214333 72208824696
72

1
  nnnn xxxx

  

2. 

    315333 72625682420856
2160

1
  nnnn xxxx

  

3. 

    113333 722522484
18

1
  nnnn yxyx

          

4. 

    214333 727812242604
270

1
  nnnn yxyx

         

5. 

    315333 722341082478036
8082

1
  nnnn yxyx

  

6. 

    325343 20886256869620856
72

1
  nnnn xxxx

  

7. 

    123343 208825269684
270

1
  nnnn yxyx

  

8. 

    224343 208878126962604
18

1
  nnnn yxyx

  

9. 

    325343 208823410869678036
270

1
  nnnn yxyx

  

10. 

    133353 625682522085684
8082

1
  nnnn yxyx

        

11. 

    234353 625687812208562604
270

1
  nnnn yxyx

  

12. 

    335353 625682341082085678036
18

1
  nnnn yxyx

  

13. 
    

214333
185586186

72

1



nnnn

yyyy
  

14. 

    315333 181672265574
2160

1
  nnnn yyyy

 

15. 

    325343 558167221865574
72

1
  nnnn yyyy

 
 

2.3 Each of following expressions represents a bi-quadratic integer 

1. 
 

  10368246964)172850112(
72

1 2

2154442
  nnnn xxxx

 
    9331200242085645184045048960

2160

1 2

3164442
  nnnn xxxx

 

2. 
 

    648248444321512
18

1 2

1144442
  nnnn yxyx

 

3. 
 

    14580024260446480703080
270

1 2

2154442
  nnnn yxyx
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4. 
 

    13063744824780364193968630686952
8082

1 2

3164442
  nnnn yxyx

 

5. 
 

    10368696208564501121501632
72

1 2

3264542
  nnnn xxxx

 

6.  
    14580069684418792022680

270

1 2

1244542


 nnnn
yxyx

 

7. 
 

    648696260441252846872
18

1 2

2254542
  nnnn yxyx

 

8. 
 

    14580069678036418792021069720
270

1 2

3264542
  nnnn yxyx

 

9. 
 

    13063744820856844168558192678888
8082

1 2

1344642
  nnnn yxyx

 

10. 
 

    14580020856260445631120703080
270

1 2

2354642
  nnnn yxyx

 

11. 
 

    648208567803643754081404648
18

1 2

3364642
  nnnn yxyx

 

12. 
 

    103686186443213392
72

1 2

2154442
  nnnn yyyy

 

13. 
 

    93312006557441296012039840
2160

1 2

3164442
  nnnn yyyy

 

14. 
 

    103681865574413392403128
72

1 2

3264542
  nnnn yyyy

 
 

 

2.4 Each of the following expressions represents a nasty number 

1.  

 8641444176
72

1
3222   nn xx

 

2. 

 25920144125136
2160

1
4222   nn xx

 

3. 

 216144504
18

1
2222   nn yx

 

4. 

 324014415624
270

1
3222   nn yx

 

5. 

 96984144468216
8082

1
4222   nn yx

 

6. 

 8644176125136
72

1
4232   nn xx

 

7. 

 32404176504
270

1
2232   nn yx

 

8. 

 216417615624
18

1
3232   nn yx

 

9. 

 32404176468212
270

1
4232   nn yx
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10. 

 96984125136504
8082

1
2242   nn yx

 

11. 

 324012513615624
270

1
3242   nn yx

 

12. 

 216125136468216
18

1
4242   nn yx

 

13. 

 864361116
72

1
3222   nn yy

 

14. 

 259203633444
2160

1
4222   nn yy

 

15. 

 864111633444
72

1
4232   nn yy

 
 

 

2.5 Each of the following expressions represents a quintic integer 

1. 
 

   

  



















21

3

216555

3
62208018040320

2469651244163608064

72

1

nn

nnnn

xx

xxxx

  

2. 
 

   

  



















31

3

317555

3
559872000004865287680

2420856511197440009730575360

2160

1

nn

nnnn

xx

xxxx

 

3. 
 

   

  



















11

3

115555

3
38880136080

24845777627216

18

1

nn

nnnn

yx

yxyx

 

4. 
 

   

  



















21

3

216555

3
8748000949158000

24260451749600189831600

270

1

nn

nnnn

yx

yxyx

 

5. 
 

   

  



















31

3

317555

3
783824688003202548605973

2478036515676493760645097211946

8082

1

nn

nnnn

yx

yxyx

 

6. 
 

   

  



















32

3

327565

3
18040320540587520

6962085653608064108117504

72

1

nn

nnnn

xx

xxxx

 

7. 
 

   

  



















12

3

125565

3
25369200030618000

696845507384006123600

270

1

nn

nnnn

yx

yxyx

 

8. 
 

   

  



















22

3

226565

3
11275204218480

69626045225504843696

18

1

nn

nnnn

yx

yxyx

 

9. 
 

   

  



















32

3

327565

3
25369200002844412200

696780365507384005688824400

270

1

nn

nnnn

yx

yxyx

 

10. 
 

   

  



















13

3

135575

3
720681143653802743386408

2085684574413622873075486772816

8082

1

nn

nnnn

yx

yxyx

 

11. 
 

   

  



















23

3

236575

3
7602012000949158000

20856260451520402400189831600

270

1

nn

nnnn

yx

yxyx

 

12. 
 

   

  



















33

3

337575

3
33786720126418320

2085678036567573442528366

18

1

nn

nnnn

yx

yxyx

 

13. 
 

   

  



















21

3

216555

3
1555204821120

6186531104964224

72

1

nn

nnnn

yy

yyyy
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14. 
 

   

  



















31

3

317555

3
139968000001300302720

6557452799360002600605440

2160

1

nn

nnnn

yy

yyyy

 

15. 
 

   

  



















32

3

327565

3
4821120144478080

1865574596422428895616

72

1

nn

nnnn

yy

yyyy

 
 

 

2.6 Remarkable Observations 

I. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in Table: 2 below:  
 

Table 2: Hyperbolas 
 

S. No Hyperbolas  nn Y,
 

1. 29030414 22  nn Y
 

    2121 842604,24696   nnnn xxxx
 

2. 26127360014 22  nn Y
 

    3131 8478036,2420856   nnnn xxxx
 

3. 1814414 22  nn Y
 

    1111 84336,2484   nnnn yxyx
 

4. 408240014 22  nn Y
 

    2121 849744,242604   nnnn yxyx
 

5. 365784854414 22  nn Y
 

    3131 84291984,2478036   nnnn yxyx
 

6. 29030414 22  nn Y
 

    3232 260478036,69620856   nnnn xxxx
 

7. 408240014 22  nn Y
 

    1212 2604336,69684   nnnn yxyx
 

8. 1814414 22  nn Y
 

    2222 26049744,6962604   nnnn yxyx
 

9. 408240014 22  nn Y
 

    3232 2604291984,69678036   nnnn yxyx
 

10. 365784854414 22  nn Y
 

    1313 78036336,2085684   nnnn yxyx
 

11. 408240014 22  nn Y
 

    2323 780369744,208562604   nnnn yxyx
 

13. 29030414 22  nn Y
 

    2121 24696,6186   nnnn yyyy
 

14. 26127360014 22  nn Y
 

    3131 2420856,65574   nnnn yyyy
 

15. 29030414 22  nn Y
 

    3232 69620856,1865574   nnnn yyyy
 

 

II. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in Table 3 below:  

 
Table 3: Parabolas 

 

S. No Parabolas  nn Y,
 

1. 2903041008 2  nn Y
 

    213222 842604,14424696   nnnn xxxx
 

2. 26127360030240 2  nn Y
 

    314222 8478036,43202420856   nnnn xxxx
 

3. 18144252 2  nn Y
 

    112222 84336,362484   nnnn yxyx
 

4. 40824003780 2  nn Y
 

    213222 849744,540242604   nnnn yxyx
 

5. 3657848544113148 2  nn Y
 

    314222 84291984,161642478036   nnnn yxyx
 

6. 2903041008 2  nn Y
 

    324232 260478036,14469620856   nnnn xxxx
 

7. 40824003780 2  nn Y
 

    122232 2604336,54069684   nnnn yxyx
 

8. 18144252 2  nn Y
 

    223232 26049744,366962604   nnnn yxyx
 

9. 40824003780 2  nn Y
 

    324232 2604291984,54069678036   nnnn yxyx
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10. 3657848544113148 2  nn Y
 

    132242 78036336,161642085684   nnnn yxyx
 

11. 40824003780 2  nn Y
 

    233242 780369744,540208562604   nnnn yxyx
 

12. 18144252 2  nn Y
 

    334242 78036291984,362085678036   nnnn yxyx
 

13. 2903041008 2  nn Y
 

    213222 24696,1446186   nnnn yyyy
 

14. 26127360030240 2  nn Y
 

    314222 2420856,432065574   nnnn yyyy
 

15. 2903041008 2  nn Y
 

    324232 69620856,1441865574   nnnn yyyy
 

 

2.7 Generation of Pythagorean Triangle 

2.7.1 Let p, q be the non-zero distinct integers such that 

 

11   nn yxp
, 1 nxq

 

 

Note that 
0 qp

 treat p, q as the generators of Pythagorean triangle 
 ZYXT ,,

where 

 

pqX 2
, 

,22 qpY  ,22 qpZ  0 qp
 

 

Let A, P represents the area and perimeter of Pythagorean triangle. Then the following results are observed. 

1. 3612142  ZYX  

2. 
11

2
  nn yx

P

A

 

3. P

A
YX

4


 is written as the sum of two squares. 

4. 










P

A
X

4
3

 is a Nasty number. 

5.  )(3 YZ   is a Nasty number. 

 

2.7.2 Let p, q be the non-zero distinct integers such that 

 

11   nn yxp
, 1 nyq

 

 

Note that 
0 qp

 treat p, q as the generators of Pythagorean triangle
 ZYXT ,,

where 

 

pqX 2
, 

22 qpY 
, 

22 qpZ 
, 

0 qp
 

 

Let A, P represents the area and perimeter of Pythagorean triangle. In this case, the corresponding Pythagorean triangle satisfies 

the relation 362827  XZY  

 

3. Conclusion 

In this paper, we have presented infinitely many integer solutions for the hyperbola; represented by positive Pell equation is given 

by 
1814 22  xy

. As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of 

positive Pell equations and determine their integer solutions along with suitable properties. 

 

4. References 

1. Disckson LE. History of theory of Numbers, Chelsea Publishing co., New York, 1952, 2.  

2. Mordel LJ. Diophantine Equations, Academic Press, London, 1969. 

3. Gopalan MA, Janaki G. Observations on 13 22  xy  Acta Ciencia Indica, 2008; 34(2):639-696. 

4. Gopalan MA, Sangeetha G. A Remarkable Observation on 110 22  xy , Impact Journal of Science and Technology, 2010; 



International Journal of Academic Research and Development 

 

50 

4:103-106.  

5. Gopalan MA, Palanikumar R. Observation on 112 22  xy , Antarctica J. Math. 2011; 8(2):149-152. 

6. Gopalan MA, Vidhyalakshmi S, Sumathi G. Integral Points on the Hyperbola 04080406 22  yxyxyx , Bessel J 

Math. 2012; 2(3):159-164.  

7. Gopalan MA, Sumathi G and S. Vidhyalakshmi, Observations on the Hyperbola, 124 22  xy , Bessel J Math, 2013,4, 21-25.  

8. Gopalan MA, Geetha Y. Observations on some special Pellian equations, Cayley J Math., 2013,2(2), 109-118.  

9. K. Meena, M.A. Gopalan and S. Nandhini, On the binary quadratic Diophantine equation y 2  68 x 2  13, International 

Journal of Advanced Education and Research. 2017; 2:59-63. 

10. Meena K, Vidhyalakshmi S, Sobana Devi R. On the binary quadratic equation y 2  7 x 2  32 International Journal of 

Advanced Science and Research. 2017; 2:18-22. 

11. Meena K, Gopalan MA, Hemalatha S. on the Hyperbola y 2  8 x 2  16, National Journal of Multidisciplinary Research and 

Development. 2017; 2;1-5.  

12. Gopalan MA, Viswanathan KK, Ramya K. on the positive Pell equation y 2  12 x 2  13, International Journal of Advanced 

Education and Research. 2017; 2:4-8.  

13. Meena K, Gopalan MA, Sivaranjani V. on the positive Pell equation y 2  102 x 2  33, International Journal of Advanced 

Education and Research. 2017; 2(1):91-96.  

14. Meena K, Vidhyalakshmi S, Bhuvaneswari N. on the binary quadratic Diophantine equation y 2  10 x 2  24, International 

Journal of Multidisciplinary Education and Research. 2017; 2:34-39.  

15. Gopalan MA, Sumathi G, Vidhyalakshmi S. Observations on the Hyperbola, 124 22  xy , Bessel J Math. 2013; 4:21-25.  

16. Gopalan MA, Geetha V. Observations on some special Pellian equations, Cayley J Math. 2013; 2(2):109-118.  

17. Sumathi G. Observations on the Hyperbola 16150 22  xy , International Journal of Recent Trends in Engineering and 

Research. 2017; 3(9):198-206, 

18. Dhivya S, Bharathi G. Sumathi, Observations on the Hyperbola 14182 22  xy , Journal of Mathematics and Informatics. 

2017; l(11):73-81. 

19. Kavitha A, Kiruthika V. on the Positive Pell equation 
2019 22  xy

, to appear in International Journal of Emerging 

Technologies in Engineering Research. 2017; 5(3). 

20. Ramya S, Kavitha A. On the Positive Pell equation 3190 22  xy , Journal of Mathematics and Informatics. 2017; 11(1):11-

117. 


