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Abstract 

The binary quadratic equation represented by negative Pellian y2 = 20x2 - 11 is analyzed for its distinct integer solutions. A few 

interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained 

solutions of other choices of hyperbolas, parabolas and Pythagorean triangle. 
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1. Introduction 

The binary quadratic diophantine equations (both homogeneous and non-homogeneous) are rich in variety. In [1-16] the binary 

quadratic non-homogeneous equations representing hyperbolas respectively are studied for their non-zero integral solutions. This 

communication concerns with yet another binary quadratic equation given by 1120 22  xy . The recurrence relations satisfied by 

the solutions x and 
y

are given. Also a few interesting properties among the solutions are exhibited. 

 

2. Method of analysis 

The negative Pell equation representing hyperbola under consideration is  

 

           (1) 

 

whose smallest positive integer solution is 

 

3,1
00
 yx

 
 

To obtain the other solutions of (1), consider the pell equation 

 

120 22  xy
  

 

whose general solution is given by 
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Where 
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Applying Brahmagupta lemma between the solutions  
00

, yx  and  
nn

yx ~,~
, the other integer solutions of (1) are given by 
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(3) Thus (2) and (3) represent the non-zero distinct integer solutions of (1). Recurrence relations for x  and 
y

are: 

 

018
123


 nnn
xxx

, 
...1,0,1n

 

 

018
123


 nnn
yyy

, 
...1,0,1n

 

 

A few numerical examples are given in the following Table: 1 below: 

 
Table: 1: Numerical Examples 

 

n  1n
x

 1ny  

-1 1 3 

0 15 67 

1 269 1203 

2 4827 21587 

 

2.1 A few interesting relations among the solutions are given below 

1. 029
121


 nnn
yxx  

2. 029
221


 nnn
yxx  

3. 036161
131


 nnn
yxx  

4. 04
231


 nnn
yxx  

5. 036161
331


 nnn
yxx  

6. 0940
211


 nnn
yyx  

7. 0161720
311


 nnn
yyx  

8. 0991771440
321


 nnn
yyx  

9. 022177199
321


 nnn
yxx  

10.  022991771
132


 nnn
yxx  

11.  029
232


 nnn
yxx  

12.  029
332


 nnn
yxx  

13.  0940
212


 nnn
yyx  

14.  080
312


 nnn
yyx  

15.  0940
322


 nnn
yyx  

16.  0177199440
213


 nnn
yyx  

17.  0161720
313


 nnn
yyx  

18.  0940
323


 nnn
yyx  

 

2.2 Each of the following expression represents a cubical integer 

(i)     
214333

184026134
22

1



nnnn

xxxx  
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(ii)     
315333

18721862406
396

1



nnnn

xxxx  

(iii)     
113333

18120640
11

1



nnnn

yxyx  

(iv)     
214333

1818006600
99

1



nnnn

yxyx  

(v)     
315333

1832280610760
1771

1



nnnn

yxyx  

(vi)     
325343

40272181342406
22

1



nnnn

xxxx  

(vii)     
123343

40212013440
99

1



nnnn

yxyx  

(viii)     
224343

4021800134600
11

1



nnnn

yxyx  

(ix)     
325343

4023228013410760
99

1



nnnn

yxyx  

(x)     
133353

7218120240640
1771

1



nnnn

yxyx  

(xi)     
234353

721818002406600
99

1



nnnn

yxyx   

(xii)     
335353

721832280240610760
11

1



nnnn

yxyx  

(xiii)     
123343

906302
22

1



nnnn

yyyy  

(xiv)     
133353

161465382
396

1



nnnn

yyyy  

(xv)     
234353

16149053830
22

1



nnnn

yyyy  

 

2.3 Each of the following expression represents a bi-quadratic integer 

  
 

  96861344)1322948(
22

1 2

2154442


 nnnn
xxxx   

 
 

    3136326240642376952776
396

1 2

3164442


 nnnn
xxxx  

  
 

    242640466440
11

1 2

1144442
  nnnn yxyx  

  
 

    196026600459459400
99

1 2

2154442
  nnnn yxyx  

 
 

    627288261076041062619055960
1771

1 2

3164442
  nnnn yxyx  

  
 

    96813424064294852932
22

1 2

3264542
  nnnn xxxx  

  
 

    19602134404132663960
99

1 2

1244542
  nnnn yxyx  
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  
 

    242134600414746600
11

1 2

2254542
  nnnn yxyx  

  
 

    19602134107604132661065240
99

1 2

3264542
  nnnn yxyx  

 
 

    62728822406404426102670840
1771

1 2

1344642
  nnnn yxyx  

  
 

    196022406600423819459400
99

1 2

2354642
  nnnn yxyx  

  
 

    242240610760426466118360
11

1 2

3364642
  nnnn yxyx  

  
 

    968302466044
22

1 2

1244542
  nnnn yyyy  

 
 

    31363253824213048792
396

1 2

1344642
  nnnn yyyy  

  
 

    96853830411836660
22

1 2

2354642
  nnnn yyyy  

 

2.4 Each of the following expression represents a nasty number 

i)  26436804
22

1
3222


 nn
xx  

ii)  47523614436
396

1
4222


 nn
xx  

iii)  13236240
11

1
2222


 nn
yx  

iv)  1188363600
99

1
3222


 nn
yx  

v)  212523664560
1771

1
4222


 nn
yx  

vi)  26480414436
22

1
4232


 nn
xx  

vii)  1188804240
99

1
2232


 nn
yx  

viii)  1328043600
11

1
3232


 nn
yx  

ix)  118880464560
99

1
4232


 nn
yx  

x)  2125214436240
1771

1
2242


 nn
yx  

xi)  1188144363600
99

1
3242


 nn
yx  

xii)  1321443664560
11

1
4242


 nn
yx  
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xiii)  26418012
22

1
2232


 nn
yy  

xiv)  4752322812
396

1
2242


 nn
yy  

xv)  2643228180
22

1
3242


 nn
yy  

 

2.5 Each of the following expression represents a quintic integer 

 
 

      
21

3

2165553
290464856561345290464856

22

1



nnnnnn

xxxxxx  

 
 

      
31

3

3175553
9408963772992955624065940896377299296

396

1



nnnnnn

xxxxxx  

 
 

      
11

3

1155553
7294840564057264840

11

1



nnnnnn

yxyxyx  

 
 

      
21

3

2165553
588065880600566005588065880600

99

1



nnnnnn

yxyxyx  

 
 

      
31

3

3175553
1881864603374810516561076051881864603374810516

1771

1



nnnnnn

yxyxyx  

 
 

      
32

3

3275653
648561164504513424065648561164504

22

1



nnnnnn

xxxxxx  

 
 

      
12

3

1255653
131333439204051344051313334392040

99

1



nnnnnn

yxyxyx  

 
 

      
22

3

2265653
1621472600513460051621472600

11

1



nnnnnn

yxyxyx  

 
 

      
32

3

3275653
131333410545876051341076051313334105458760

99

1



nnnnnn

yxyxyx  

  
      

13

3

1355753
7546277046125457640524064057546277046125457640

1771

1



nnnnnn

yxyxyx

 

  
      

23

3

2365753
235812065880600524066005235812065880600

99

1



nnnnnn

yxyxyx

 

 
 

      
33

3

3375753
2911261301960524061076052911261301960

11

1



nnnnnn

yxyxyx

 

 
 

      
12

3

1255653
145209685302514520968

22

1



nnnnnn

yyyyyy

 

  
      

13

3

1355753
8436700831363255382584367008313632

396

1



nnnnnn

yyyyyy

 

  
      

23

3

2365753
26039214520553830526039214520

22

1



nnnnnn

yyyyyy
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2.6 Remarkable Observations 
1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in Table: 2 below. 

 
Table 2: Hyperbolas 

 

S. No Hyperbolas  
nn

YX ,
 

1. 3872020 22  nn Y      
1221

60040,6134



nnnn

xxxx
 

2. 1254528020 22 
nn

Y
 

    
1331

1076040,62406



nnnn

xxxx
 

3. 968020 22 
nn

Y
 

    
1111

12040,640



nnnn

xyyx
 

4. 78408020 22 
nn

Y
 

    
1221

268040,6600



nnnn

xyyx
 

5. 25091528020 22 
nn

Y
 

    
1331

4812040,610760



nnnn

xyyx
 

6. 3872020 22 
nn

Y
 

    
2332

10760600,1342406



nnnn

xxxx
 

7. 78408020 22 
nn

Y
 

    
2112

120600,13440



nnnn

xyyx
 

8. 968020 22 
nn

Y
 

    
2222

2680600,134600



nnnn

xyyx
 

9. 78408020 22 
nn

Y
 

    
2332

48120600,13410760



nnnn

xyyx
 

10. 25091528020 22 
nn

Y
 

    
3113

12010760,240640



nnnn

xyyx
 

11. 78408020 22 
nn

Y
 

    
3223

268010760,2406600



nnnn

xyyx
 

12. 968020 22 
nn

Y
 

    
3333

4812010760,240610760



nnnn

xyyx
 

13. 3872020 22 
nn

Y
 

    
2112

6134,302



nnnn

yyyy
 

14. 1254528020 22 
nn

Y
 

    
3113

62406,5382



nnnn

yyyy
 

15. 3872020 22  nn Y      
3223

1342406,53830



nnnn

yyyy
 

 

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in Table: 3 below 

 
Table 3: Parabolas 

 

S. No Parabolas  
nn

YX ,
 

1. 38720440 2 
nn

Y
 

    
123222

60040,446134



nnnn

xxxx
 

2. 125452807920 2 
nn

Y
 

    
134222

1076040,79262406



nnnn

xxxx
 

3. 9680220 2 
nn

Y
 

    
112222

12040,22640



nnnn

xyyx
 

4. 7840801980 2 
nn

Y
 

    
123222

268040,1986600



nnnn

xyyx
 

5. 25091528035420 2 
nn

Y
 

    
134222

4812040,3542610760



nnnn

xyyx
 

6. 38720440 2 
nn

Y
 

    
234232

10760600,441342406



nnnn

xxxx
 

7. 7840801980 2 
nn

Y
 

    
212232

120600,19813440



nnnn

xyyx
 

8. 9680220 2 
nn

Y
 

    
223232

2680600,22134600



nnnn

xyyx
 

9. 7840801980 2 
nn

Y
 

    
234232

48120600,19813410760



nnnn

xyyx
 

10. 25091528035420 2 
nn

Y
 

    
312242

12010760,3542240640



nnnn

xyyx
 

11. 7840801980 2 
nn

Y
 

    
323242

268010760,1982406600



nnnn

xyyx
 

12. 9680220 2 
nn

Y
 

    
334242

4812010760,22240610760



nnnn

xyyx
 

13. 38720440 2 
nn

Y
 

    
212232

6134,44302



nnnn

yyyy
 

14. 125452807920 2 
nn

Y
 

    
312242

62406,7925382



nnnn

yyyy
 

15. 38720440 2 
nn

Y
 

    
323242

1342406,4453830



nnnn

yyyy
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2.7 Generation of Pythagorean triangle 

2.7.1 Let 
qp ,

 be the non-zero distinct integers such that 

 

11 


nn
yxp

, 1


n
yq

 

 

Note that 
0 qp

treat
qp ,

 as the generators of Pythagorean triangle 
 ZYXT ,,

where 

 

  
pqX 2

, 
,22 qpY  ,22 qpZ  0 qp

 

 

Let 
 ,

 represents the area and perimeter of Pythagorean triangle. Then the following results are observed. 

1. 11910  ZY  

2. 
11

2



nn

yx
P

A

 

3. P

A
YX

4


 is written as the sum of two squares. 

4.  











P

A
X

4
3

 is a Nasty number. 

5. )(3 YZ   is a Nasty number. 

 

2.7.2 Let 
qp ,

 be the non-zero distinct integers such that 

 

11 


nn
yxp

, 1


n
yq

 

 

Note that 
0 qp

 treat 
qp ,

 as the generators of Pythagorean triangle
 ZYXT ,,

where 

 

  
pqX 2

, 
22 qpY 

, 
22 qpZ 

, 
0 qp

 

 

Let 
 ,

 represents the area and perimeter of Pythagorean triangle. In this case, the corresponding Pythagorean triangle satisfies 

the relation 223940  ZY  

 

3. Conclusion 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative pell 

equation
1120 22  xy

. As the binary quadratic diophantine equations are rich in variety, one may search for the other choices 

of negative pell equations and determine their integer solutions along with suitable properties. 
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