International Journal of Academic Research and Development

International Journal of Academic Research and Development
ISSN: 2455-4197

Impact Factor: RJIF 5.22

www.academicsjournal.com

Volume 2; Issue 6; November 2017; Page No. 904-912

On certain subclasses of p-Valent analytic functions and (m,q)-starlike with respect to certain points
associated with generalized basic hypergeometric function

! Lokesh Jasoria, > SK Bissu
! Government Girl’s College, Chittorgarh, Rajasthanp, India
2 Government College of Ajmer, Ajmer, Rajasthan, India

Abstract

In this Paper we have introduced and study subclasses of univalent functions with negative coefficient by using Dziok-Srivastava
operator defined in punchered open unit disk. Here we have studied coefficient estimates, Distortion Theorems, Extreme Points.
These results include many results as particular cases.

Keywords: univalent functions, coefficient estimates, distortion bounds, extreme points

Introduction
Let C, denote the class of functions f(z) of the form

f(2) =20 + kot Bhep? T )

which are analytic and p-valent in the punchered open unit disk U = {z: Izl = 1} and normalized by f* (0)=f(0) +1=1. Letf = C,
given by (1) and g = C, given by

g(@2)=2"+ E:F;=F=:I..'r-:‘ch+,‘:lzh.-'-?:I (2)

We define the convolution product (or Hadamard) of f and g by

(FQ)(2) = 20+ D=t TasoBins T o (g (2, (€ D) (3)
For +ve real parameters a, az, ----- , amand by, by, ------ , bg.
{bi' EC/E.0y =0.-1 =2 i = L2 eens ) he generalized hyper geometric function
mFq (a1, a2, ==--------- , @m, b1, bz, ----memeeo- , bq ; 2) is defined by
(@) oo e (B 1
O [ T SRR - Sy . P . PO . -y I —z"
m li": 1.2 e R g ) - (By )y vor o ""{‘Bq':]r! !

(m=g+1limgel, =NU{LN={12..}:z€ U) Where(®)n is the Pochhammer symbol defined in terms of the
Gamma function, by

o _r{¢'+ﬂ:]_I 1 m=10
(@ = Tg) I(plp+D..l@+n-1) necH
For the function
h (a1, a2, ---, am, by, b2, ----, by ; ) =z ¢Fs (a1, a2, ----, am, by, bz, ------ ,bq;z),

the Dziok-Srivastava linear operator ( see [1]).
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Hmq (a1, a2, - , @m, by, bz, -----—-- , bg) 1 Cp —Cp

is defined by the Hadamard product as follows:

Hmgq (a1, 82, --------- , m, b1, D2, =------- , bg) f(z) = h (al, az, --------- , am, b1, g, -=------ , bg; 2 )*f(2)
:Zi:I + E::1.l_l:l':aj.:]':'-l:|+1;| z"*F (zel) (4)
Where
(217)m = wev (B L
1_ {al:] - Iﬂ'i\l-r. 4 I:Ei';:lﬂ_i .l:i’!—L"! (5)

For brevity, we write

Hm’q (a.l, az, ----, am, bl| b2| T bQI Z) f(Z) = Hm:q (al) f(Z)

Definition 1. Let the function f (z) be defined by (1) then fl2 e Sm4(Z) if and only if

.\I'
= (Hm o lag)fl2))
RE ; = U.

Him g (2 If 12D (6)

Definition 2. Let the function f (z) be defined by (1) then flz) e sy q':z] be subclass of Cy, if and only if

xlr}*ﬂ,-'ci“,r'xﬁ ]
Re — = [,
By g lay (51— Hyy g Uay )f1-20 (7

these classes of functions are called starlike with respect to symmetric points in U.
Let T, denotes the subclasses of C, consisting of functions of the form :

f{z:] =zf + EF;="==1. I'-7':&'+3:IE";l.-'-?:I ':E‘FH;:I = U':] (8)

Definition 3. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to symmetric points if it
satisfies the following condition:

) . r
| xIZH,,_.l_ql_ciJJrl_x:l:l I:-xlr}.rm’“:i‘u”x"l

(fim,q (@17 (2)— i g L)) 3| L Lzl flzi- .,.L,u.:p;u_x‘u+?‘ ©)

Forsome 0 <8 =10 = a =1and z € U.\we denote the class m-g-starlike with respect to symmetric points by *=m.q To(Z).

Definition 4. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to conjugate points if it
satisfies the following condition:

. ot . I
| zl_r.?-’.,._.l.q'.cifl,r'.xjfl g | & xl_r}-’.,._.l..-'ci",r'xﬁl
— - = —_ = — — _I_
|F_ g ey I flz)+ B g layIFlE] P ! |Fm_q'.:13,r'.x:'— 'r.'ii,r'z P

(10)

Forsome @ <8 =10 =a =1and z € U.\ye denote the class m-g-starlike with respect to conjugate points by >cmg o (2],

Definition 5. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to symmetric conjugate points
if it satisfies the following condition:

» F
| n'xl_r}-’.m gl fEl)

= ——

B |H,..,_ g laIflzls By o la, =T tp

Mg

) . r
| xIZH,._.l_,.lci‘Lrlx“l\I
|}-’.,._.1.ql:|:1:lfl:x‘l gy ,rl_zi

(11

For some 0 <8 =10 =a=1and z€U. e denote the class m-q-starlike with respect to symmetric conjugate points by
S.Qr_m_q T;:l {z:]
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2. Coefficient Estimates
Theorem 1. Let the function f be defined by (8) and Hing (ay)f (=) — Hing (a)f(-2) =0 for z # 0. Then (z) is in the class
Ssmaq T2(2) if and only if

TR R(e) [k +Ba) + p((—1P+ @+ 1 - (-1)%*D))]|@sp < B @+ 1+(-1)7) +p(-1)° 12)
proof: Let f(Z) € 5img To(2) then

) | ez (g @r@)
Fimq (a0f () = Himg (af(=2) p|< £ . (@) 2) - Hyg (apf(—2) ' P

Using (4), that is

-
Hyg (@)f(2) = 29— ) Fy(a)ay. ;2"
k=1

and

Hyng (@)f(=2) = (—1)72P = ) F(a)ajup (—1)¥*P2547
k=1

then we have
2(Hrg (@DF(2)) = 8 Hrng (8)f (@) +P Hmg (a)f(~2)| < B |02 (Hpg (@)f (@) + P Hig (@)F(2) — 2 Hug (@)f(~2)

that is

pzf — Z___l{p + k)G (e ey, 257 —pzP + Z___lpﬁ{alja;ﬁp Z¥P 4 p(—1)PzP —p Z Lilay ey, , (—1)%+P 2747

=1

=

apz? = ) a4 p) a)ag, 2P £ pzf - )

H= H

=F p (e, ey, 7P — p(—1)P P
=1 I

+p Z Lilayag,, (—1)F+P 2047
k=1

Which readily gives

p(-1F°zF — > ay)ay,p 2547 [k + p(—1)%+7]
W= =
< B|@+1- DM~ ) Rladage, 27 latk+p) +p = p(-1)¥+7]
also, _ w=t
p(-17271 + ) (@) ag,, l2l**? Lk + p(~1)%+7]
k=1
< Blla +1 - (-1)P)pzP| - iﬁ(ﬂlhm 2157 [Batk + ) + fp — Bp(—1)5+7]
that is _ w=t )
p-DPIZPI+ Y ey |t p(=15714 Y Ty 21547 (Bl +9) +8p - Bp(—D**7]
B a1 (c1)Ppler? =
Which gives
Z La)[k@ +8a) + p((—1%*7 £ Bla + 1 — (1)), 127 < [ (a +1— (=1P)p + p(—1)P]1zIP
k=1
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Let |z] — 1". So we have

Zﬁ(aﬂ[kil + )+ p((—1%F 4+ 8la +1 - (=1F))]a,, < Bla+1+ (—1F) +p(-1)°

E=1
Hence by maximum modulus theore, we have f(Z) € 3zmg Ty (2).

Conversely: - we assume that

F
s PP
Z| o g (2125125

—1
Mo v {24 TFIE — o e {24 1F =2
g WL iz g WL z)

F
s PN |
& z| Hom g (24 3F (20 |

. T r— T ——
Hom g (21020 = Hm g (24 1-2)

That is
| pl:—ﬂFxF—Efnrkicifln*;:_pxi:'F'[ic +pl—11k+p] <8
|z +1-(-1)F)p 2P - TR, M lay)agey 24P [a(k+p) +p—pl-10k47] -
Now since Re (=) = 1 (2)] for all z we have
I p':—ﬂF'zF—E?:irkl:cijc;:_pxi:'F'[R+pi—ﬂi:'l’] } g
lo+1-(-10P)p 2P - TF, rilagdagey 25°F [atk+p) +p-pl-10%7] ! (13)

. o
zI:H,._.l.q la,1fC=])

On the real axis choose values of z, we have #m.q (@)f(z)= #m g la)f (-2) P is real and Hme (@)f @) — Hyg (@) f(=2) =0 gy,
z # 0. Upon clearing denominator in (13) and letting z — 1" along the real values, we

—p(-107 + Z L(ay)ag,, [k + p(-1)%*7]
k=1
< Bla+1- (-0 ) Lla)ap., [Balk +p) +Bp — fp(-1)5+7]

=1
This completes the proof of Theorem 1. =

Corollary 1: Let the function f (z) defined by (8) be in the class Simaq Tp(2), Then we have

B la+1+(—10F)+pl-1F

Ogsp = r;c':nij[ic':1+.5‘n'f'+ pIZ'Z—ﬂi‘:'P+S[n'+1—':—L‘lk'P}:|_ (k = 1). (14)
The equality in (14) is attained for the function f (z) given by
_ Bl +1+ (-0 4pl-10F k
‘f{zj =5 }';C':cifl[kl:i+.9n‘:l+ p|:':—ﬂk'P+S(n‘+i—':—ﬂk'P:l;l_ z k = 1. (15)

Theorem 2: Let the function f be defined by (8) and Humg (ay)f (=) — Humg (aJf(z) =0 for z # 0. Then f (z) is in the class
Sema T2(Z) if and only if

Y Gla k(14 Ba) —p[1—Bla+ 2]]]&;”;, < pBla +2) —p. (16)

Corollary 2: Let the function f (z) defined by (8) be in the class Sema Tp(2) Then we have
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pfla+2l—p

Tisp = Ml M (1+ fod —p [1- 8 for+ 2] &k =1 (17)
The equality in (17) is attained for the function f (z) given by
_ = pfla+-p -
@) = 2 — ke sw plprnd 2 K21 (18)

Theorem 3. Let the function f be defined by (8) and Hmg (a)f (2) - Himg (a)f(=2) = 0 for z # 0. Then f () is in the class
Saema Tp(Z) if and only if

TEaf(a) [k + ) + p((—10%P+ fla+1-(-1)%*F) )] ey < B (m+1+(-1)7) +p(-1)F

(19)
Corollary 3: Let the function f (z) defined by (8) be in the class Siemg Tp(2), Then we have
Dpsp = e -:c1:-[;.-l:1+:::Ei+;a:[-_:§=:?:f£ii--:—:_‘lk-vj:j_ G = 1), (20)
The equality in (20) is attained for the function f (z) given by
f&) = 27— — u:.:13[a--:1+.:a;i:l;:i__jﬂcp-j:f.;fji_i_uic-p;:j_ Z Gz 1)
3. Growth and Distortion Bounds
Theorem 4. Let the function f defined by (8) be in the class Semq Tp(2)- Then for |2l =7 =< 1 we have
f@lzr ~ 1.+.S‘r:+Spl:[ij;ti—;f:;i:___?jﬂi-FZ'} res (22)
and
lf Gl=r?+ 1+.9c+Spi(l-?::l_‘-tl:-_r:f:;i_-fﬂ1-F:{: et (23)
for €U The equalities in (22) and (23) are attained for the function given by
e = o

atz=r.
Proof:- Since for k> 1
1+ e+ p((-10"P+Bla+1-(-1)"P)) = L(a,) [r'c[l + fa) + p([-lj.i*-” +Ba+1- {-1:.“?:.:]]

using Theorem 1, we have

{1+ e+ p((-1)"F+B(a+1— [—1]’-*?'])}2 -

k=1
= Zaﬁ-[ﬁﬂ [r'cl::l +fe) + p ([—1];“';' +he+1- {—1];""'?']‘]] Gpep = Fle+1+ (—10F) +p(—1)F
k=1
Then

T= o - B la+1+ (- 0P 4 pl-10F
R=1BH+P = L Brs pl(— 03P+ Blr+1- (- 10237 (25)

From (25) and (8), we have
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= Bla+1+(-1P)+p(-1F
lF | =P —T”*lz Opow =78 — ' P pB+L
k=t 1+ 8a+ pl(—1)™F 4+ gla + 1 - (—1)1+7))
And
= Bla+1+(-1)7)+p(-1)°
= P .ﬂ+1z . = ’ e+l
AP P ) (@) FE=iy T gy ary )
This completes the proof of Theorem 4.
Theorem 5:- Let the function f(z) defined by (8) be in the Sima (@) Thenforlzl =7 =< 1 we have
. _— {5 la+1+(-0F)+p(—10FI(1+m -
|‘f | Zprt = 1+fr+ pll- 0P+ B lr+ 1-(-1011%7]) T. (26)
And
. _— (A le+1+(-F ) +pl-0Fi(1+m -
|‘f | =prt o+ 148z + pll—01404 flas1-(-1113P]] " (27)
for Z € U The equalities in (22) and (23) are attained for the function f(z) given by (24).
Proof: - for k > 1. Using theorem 1, we have
148+ p((-0D*P 18l +1 - (-1 “-”]}}Z{k + P)ag.p
k=1
< (1
+2) ) Rla)[k@ +ga) + p((—1%? + Bla + 1 - (~1)**?))] &,
k=1
(1 +p)ple+1+(-107) +p(-1)7}
Then
oo (14p) {8 (at+14(—1)F)4p(-1)F]
— = .
Liza(k + )y, = 1+fat p((—1*+P+p(a+1-(-1)*P)) (28)

From (28) & (8), we have

PBla+tl+ D) +p-1PH1 + 1) .
1+Ba+ p((—1"*? +fla +1- (—D=))

p-1

prt

[

F@zpret— ) (Kt Paisy

And

Pla+l+ (1P +p(—1PH1+p) .
1+fa+ pl(—D™F + fla+1 - (1))

F@ISprPt+ ) (k4 p)ai, < prit+
H=1 )

This completes the proof of Theorem 5.

On similar lines of Theorem 4 and Theorem 5, we can easily prove the following Theorem 6 and Theorem 7 respectively for f (z)
belongs to 2cma Tp(Z)-

Theorem 6. Let the function f defined by (8) be in the class 2cma T G Thenfor Izl =7 = 1 we have

Bl +2)-p
= el i E . P+l
f ] =r (1+80) —p B-Bla+] (29)
and
fle+2)-p
= o ! pp+L
IF =P + (1+80) —p B-Bla+my] (30)

for2€U The equalities in (29) and (30) are attained for the function given by

o pfla+2-p Bl
|f{z:] =z (1+fa) —p [1-Fra+z] -z (31)
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atz=r.

Theorem 7 :- Let the function f(z) defined by (8) be in the Sema Tz &) Thenfor 21 =7 <1 \we have

_ {pRla+D-plit+m
r = p—-1 _ b FiLITH) o
l‘f @1 =Pr (1+8e) —p [L—Fra+m] r (32)
and pensn
’ - p—1 pfla+2)-pifl+m) p
l‘f @ = pr + (1+8e) —p [L—Fre+m] r (33)

forZ€ U The equalities in (32) and (33) are attained for the function f(z) given by (31).

4., Extreme Points
Theorem 8:- Let 22} = 27 4ng

B le+1+(-OF)4pl-10F k+p

E e D —
‘ﬁ""'!:'l:’z:] z i+ fod + F'I:':—ﬂk'p+3[ﬂ'+i—':—ﬂk_p};' z (34)
where k> 1. Then flz) & Sime (&) i and only if it can be expressed in the form
f{zj = EFlzl':=|:\"!'“‘r-:+1;l F1--:+1:| (=) (35)
Where Yiep 2 0(k 2 1) gng Zfco Bewp =1,
Proof: Suppose
. = = Ble+1+ (—107)+p(—1)F ) .
= T 7. = zF — — — T R+n
F@ = )., Tiwnfirsl®) = 2 ka{l ¥ Ba) + p((—1)P+ fla +1— (—1)F)) <7
Then we get
- B la+ 1+ (1)) +pl—-1)7 K1+fa)+ p((—1)"7 +fla+1—(—1)"7)) === _
Z.:’Hl +fa)+ pl(—1)% + fla+1—(—1)%)]" Ela+1+(—1)7) +p(—1F T = Zk_,T"'? =1-1% =L

it follows from Theorem 1 that the function flz) e Simg Ip (z).

Conversely: suppose that fl2) e Semgq Tp 'fzj. Again by using Theorem 1, we can show that

B le+1+ (-0 4pl-10F

|Et;‘.+p| = kl1+ B + _rJIZl:—ﬂiC'IS'+,9[n:*+1—l:—1_‘liC‘F'};| (k =1). (36)
setting
| | k(14 Bad+ pl (- 0% P4 fla+1-(-0*F))
E""'p = Bla+1+l-10F +nl-10P (37)
and
I, =1- EFT:lliwp (38)

We can see that f(z) can be expressed in the form of (34). This completes the proof of Theorem 8.
Corollary 4: The extreme points of the class Simq Tp(2) are functions f+z @ (k=1 given by Theorem 8.
Similar to Theorem 8, we can easily prove the following theorems for fl)e Semg T (=) and fG) e Szemag Ip (=) classes.

Theorem 9:- Theorem 8:- Let 2 = 2% ang

3 - o0 _ pfla+2l-p k+p
f“'u{zj - kli+afl -pli-gra+2l z 39)
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where k> 1. Then &) € Sime o= jf and only if it can be expressed in the form f&) = ZicoYerp fesn(2)
11I"I~:+1:l =0(k z1) and Ef:'-‘}?“'? = 1.

Corollary 5: The extreme points of the class Semg Tp (=) are functions fi+» Dk =z1) given by Theorem 9.

Theorem 10:- Let-i'L.;J":Z:| = 2% and

B la+1+(=10F4+pn(-10F k+p
{1+ fa) + 3:||i—L"'i:‘F+.9Ifn*+1—::—1_"'i:'F::;l

ﬁi+§‘.‘l{z:] = zF —

(40)

where k > 1. Then fl) e Sscmq Tp (=) if and only if it can be expressed in the form fG) = E;‘:DI’;‘.” fisp(2)
Yiwp 20(k 21) gngZicohup =1

Corollary 4: The extreme points of the class Szema Tp (=) are functions fe+p G (k=1 given by Theorem 10.

5. Particular Cases
We have the following interesting relationships with some of the special function classes for suitable choices of parameters, which
were investigated recently:

1. Forp=1, g =2 s =1, a =%+ (A >-1) and a = by = 1 the class ¥me @)f(2) reduces to the class
D* f(z), where D* (4 > —1) js theRuscheweyh derivative operator (see 1% and [13]).

2. Forp=l,q=2s=1a1=2 a =1and by =2-u (u+2,3,.) the Dziok-Srivastava Operator Hmg (2Jf(2) reduces v,
f(z). Where Q, is the Srivastava-Owa fractional derivative operator (see ! and [1).

3. Forp=l,q=2,s=1,a1=2,a2=1andb; = k+1(k > -1) the Dziok-Srivastava Operator Hpg (a)f (2) reduces to Ik f(z).
Where Iy is the Noor integral operator (see [4).

4. Forp=l,q=2,s=1,a;=v+l(v>-1),a=1and by =v +2 the Dziok-Srivastava Operator Hing (@) (2) reduces to Jy
f(z). Where J, is the Generalized Bernardi-Libra-Livingston operator (see [“], [6] [€]),

5. Forp=1,q=2,s=1,a=a(a>0),a =1andb; =c (c >0) the Dziok-Srivastava Operator Hing (a)f(2) reduces to
L(a,c). Where L(a,c) is the Carlson-Shaffer Operator (see 1)

6. Forp=l,g=2,s=1a=p(u>0),a2=1and b =A+1 (A > -1) the Dziok-Srivastava Operator Hing (@) (2) reduces
I, f(z). Where 1, is the Choi-Saigo-Srivastava Operator (see ). s

1=32

7. Forp=1,qg=2ands = 1the Dziok-Srivastava Operator Hing (@)f(2) reduces to the Hohlow Operator b, , (see 1)),
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